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/R’o\o\ems

. %Yaphs
. dep+h--ﬁrst search , breadth- first search, pr.‘ari"’g FS

. Ctacle , connecled componerits
e bi-Connected Componeyﬂ's

e lnion -'-P‘l nd

« Weig\r\'\"ed %mplns

* Minimum Spanning trees

» S\r\oﬂ'es{; ’pa—W\s (Sinale Source)

o directed Qraphs

e transitive c|osures LConnecheA COYHPOYleYd._S
all pairs sheifest 'pcu-lns)

¢ ‘L'OPO|08ica\ Sortina
® Stvonghd Connecj'ed Componen‘l‘s
- in%h‘\'ed olirec'\éci %ra[)hg

o Network flows
® Bipmd"-"‘e fmd"Ching

e Stable fmawicxae



Graph Traversal

® Depth-TFirst search

.ld. = 03
for k=1 o V do valLkl:=0;
-Fov K= | +to V do

- . e

Visit (K) (* visits K + ds descents *)
Val [K] = ++id;

Lovy each son t of K do
if val [ = 0 then visit(H);

t % -FafheY[KJ g
« Has Ctacle & 3 val[¥]x0 in Visit (3 3 line) (%o ance§|'ma

¢ Connecled Component &> Non-recursive Visit . )
¢ Non-vecursive DfsS (stack) Breoadth-TFirst Search
Visit (K) Visit (K) (Queue)
push(K) ; Put(K);
repeat - i
K := POP; K:= caei:,-

val (k] = ++id;
Loy each son £ of Kk do
if valx1=0 hen
'PU\S\/\ (t);
val [£] := -);
until  stack =¢

’PWI: (t) 5



‘Priori-l'ua -First Search ( Grraph Traversal )

. Verfex +tvee — visited

-Fringe - o.dgacent to tvee Vevtices, but not visited Yet
Unseen — not encounleved | Pr.‘orﬂ-a = unseen = 0o)

. Al%oh’-)-\am :

* Yemove vevfex X from fvin ge (priority gueue)
. 'Fwt unseen yevhices add'a(ent to X on -Fringe

. De[n-\n -First seavch

A
AlGBCT ' high #
G  ECHJULBF ?riov'r"ra= V- id W 4
E -g'g'_c_'::ﬂ,és LowPhong
TITIE R ELED
G HJIL D
H Y
(| LB
JI I MLKB
M| LKGB
Ll KB
K | B
8 fringe = stack
e Breadth-TFirst search

A
A|lF € B G
TI¢BGED
C|BGgE D
Bl G D
G| EDLJIH
EL B K J H
Pl Ed M
L|J HM
J H MK
HI MK |
M| K I
K|l
I Queue




Biconnected Gl'raP"l
e
Vu v, 32paths U-—r—V
= No owhc“‘““?“ point (if deleted, break G it pieces)
& Deli“e any Pont, camph Yemains connected |

. Depfh--rirs-k seaych

bi-connected
Component

ol X, NOT avticulation poin{:
& each son has lowey mode_.” a mode highey than %

Yoot is articulation point &> 2 2 sons

. ViSH:CK) min = min deswndant
VQ‘D(] . ‘H‘id}' min ;= id;
fov each son t of K do
if val[+] =0 then
m := visit (t);
if m< min then min:=m;
if m = val[k) then K is ovticulation pt

else
if val [£1 < min then min = val []

visit = min ;



Union — +ind s(o() S(yg) ?

* Find (%,Y) : Are », 4 im the same set ? ‘Est WF "“"3)
e Union (%,4) := S0V s(Y)

Sx) = Set DX & Tree A'X“ Q\

AGr, AB AC
OEOHWOOOLO®
OAORO
LM OM, JL, JK, ED FD HI AF, FH MG
: ® g ()
BO® € & G
©) W

-Impmvemen+s

We\g\\t balanc-na,

t
%] < [ Y] A

%

x> 1%
H

Parh Compvess:on.
K y

€~
.. D e AN
%

%



Weigkfeo\ Graph

e Find Minimam gpwnin% -l;ce ( oy Connec—"ed ul.no\ivec'."_ed @Yafh]

“Tree : Comnecled graph wishoal™ cycle
S yuy Bl UV

‘Spomnina Tvee: edﬂes connect all veitices of Gr

°lemma

MUV;UV;UV‘Q:V

Vi V3 e= (v, w) minimum edae, vel: wg Vs
, = I MST mcludes €
Ay e
” v, is sPannina tree

D-F Lowey Cost

e Kruskal s alraori#nm '

Yvel/, fv} a component ; wie) ¢ wie) s .- € wléy)

Yepeat $ov L= | to N do |
odd minimal edae ocress & £ add €; Mot Form Clac.le

2 ComPonele'S ;

dd €;
until 4 Component remains s

«Prims al%ovii-lnm, =

V,= visited
v
Vo= unvisited
€=(v,w) visited -Pvihge

= 'minimal edﬁe VeyTex —)Vev'l'ex

o 'Prior‘.Jru(\ -Fivst - Seavch ‘tmplementatcon . 'PYioYi'I'té = Shov‘l‘esf Ieng+h to tre



Shov"‘est ('Paﬂ« f’ﬁ‘oblemS (d{rec’l'eo\ oY LLhdiYecTed.)

(1) s‘mgle Pair

(2) Sin%le source 2 Dijkstra a‘%om-lam O(N2)
: most fundamental
(3) S‘mgle Sink

4) all ?a'\YS s 'Dia'ks-tm a‘%oyi-rlnm O(N?)
. Wavrshall -Florjdalzo- o N?)

(2 = (3 : by ConVeYt\'ng edge divection
2 = 1) : all &nown a\gori'rhms for (1) can solve (@

(2) =% (4) . applla N times



Shortest Yah ( Single Source )

* Unweighted Graph : Breadth-Tirst Search
. Weigh-l'cd G'yuPh : ‘Diéks{vo;'s alaoﬁ-’-hm

Q(— 1 }; {ov each eV do Dlv] « d(l/a, V); ¥
While S % V do {
Choose w& S, Dlw] min;
S« Svuiw};
fov each vey-S do +
D [v) + min (DLv, DIwl+d[w ),

3
"Propeﬁ'n
Ve S = Dhvl= Sho'r‘i'es-lz Path Vo rwe U
VGS > D[V]— ” [vo’VW')”X"V
mS
PO oheruise, 3, V) 4+ U aws W < o oW
in S
'Examplc
S B B ¢ D ETE @
A O | o0 o0 00 2 6
AB 6 | 2 3 5 2 6
ABTF o 1 2 8 & & 6
ABCF o « 2 8 4 9 &
ABCDTF o - #9 &8 @
BERVRET |o | 2 B 4 2 &
AREDEFG| 0 + &8 3 4 2 8§

* For both dlirected and undirected %mpk

L o (N?)

. ‘Pr.'or"-l-ua -First - Search implementation : (Priori-}a = Dlwl+d(w,v)
* priovity gueue =g, puf (<), > only wmodify D1, fov W=V



Directed Graph G=(v, E)
e Transitive closure (cOnneCj'gd cmp Lor undive
- A= (%) Giy=\& (=} & WYPEE
C A% B= (bag)  bij = Quasuj+ Qacllag + oo 4 Rim;ng
-~ 48 iy * ™

Fed @)

. A3= B+A ‘-"-(ng) Cxé= b a|3+ biz* azj"’ oo + bim: O-n&'
: =] © A>kh=>L>)
- A¥= A + A%+ e g Aty ..
=A*A*+--- F A
G=(v. E¥) d;a:\ = X.MN\->3
+yansitive closure

o Gy
« Shovlest parh (all pairs)

- A= (aia)nxn axé = dist (%, })

o Az___ (bsa) Abaa e (am-va.é) min (axz+ azj)'min
min (AQin+ a,,j)
= Shortest distance &-—y-&aai
- A= (C,:a) % L>k—> L —ya',

. A¥= (aﬁa) O:a = Shoifest distance /lfwwzvj

. T=o0(N*)

* If apply D.‘ékstm's algorifhm N times = T=0(N3)



Wavshall 's a|aovi-rhm (D(&namic ’Proammmina)
« Transitive closure G =(V,E)

tAxdl=l & (KHEE Aftey «eaclaj., a[xYy]l=| &
for =1 >N do K} 4in L1, 4]
for x=1 >N do
for Y=1 >N do
Alx41:= alx yJoraly, 4 Javo 00, Y]
%&‘a&ntl,j-lj
S OR X9 ANDjw%

’X.'vw-)‘a- in[Y, 9] &

» ATg Y] =) © KresY
G =(V, B®) +ransitive closuve of G=(1, E)
. Shov’hsb Parh (ol pa'\r.s) ('F‘oad.)
als, 4] = dist(4, %)
\La[«x,g]:.—. Min (a6 43, alx 41+ al4,4))

o¥(x, ’}J = Shovtest 1)0.+|n dislnce

T= O(.VE-J-V?')



%PO'O%‘CG‘ Q)Y'E;“g (D;Yec‘,"ed ac.acl"c %raPh)
* Topological ovder : 4 before 4 &= i—% i Quph

Example: 3 k LM AGHIFEDBC
L3 LF KGEMBHC I B

* Algorithm: produce vevevse topological ovder by DFS
Visit (K)

val[K] = +id;
Inban M Kkd =»DBFCEIHGAKMLI

il vall=0 then visitlt)
Print (K);

’ A\%oriﬁ-hm/:

count Link count Link
Alo[+BCTF Ga Arlil=r*B C.F, G
Ll B L%l

. e |
g : 3 ocd"pwl:A Dl 2
Fl2|1D E|l2 |~>D
FlLI|~E D ®10 | =k U
G|3|—>E C, H G |2 | =*E, ¢, H
Hi1l [—> T H ' 7 1

« No count(v)=0 = directed cycle exists



Skvongl% connecled Componeth's
¢ (o StYonglc& wnnedédt Vu,?)/ 3 U sgies i



1 - Jlm b5H‘|e ’n.eck
I
Fovd - Tulkeysom th: min wt = max fhw

5 C\a—)lr—>t>l_>c b
g Sy
Sd e ﬁ?“(

>

\
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Network Flow
e metworK : divected graph with is:lo:l‘r:e + ca‘mcﬂ'g

e Hlow § : V edge €, 0<F©) < c(e)
v vertex }{,: Zf(";,v) -:Z f(v'é)
st & 9

value of £ = |£| =3 flat) -—-%5@3)

e Maximal flow ‘onblem.=
Lind Flow with mox value

o Cut (X X) .{-s‘z= V-X

seX tex
C(x+%) = 2_e(w)

s b : cut capacit |
F(x>X) = 2_Fww) : Flow ocross the cut

VexX, wex

o Lemma. : |#] = f(x-w?) - f(?-?)() < € (x-»X)
PF 1Rl = 1fl+o+ro = Z ot =2 in(v)
Sa.b sa,b

= 7C(x-> x) - )C(;("’X)
o Mox-Flow, min- cut Theovrem (Ford,, 'Fulkerson)
mox-flow & |€] = clx>x) & £S5 sotursled & No

&E min-cut <-c:i—?,"— empty a.Pp.
. au%menl:ing pa-rh ;
S Tq—"a -_,1.5—75 —_'?": +5 g -—-q"F f(€)<C(€)
gk, o 83 b 22,5+ 13, S fe >0
o P




Network Flow
* “E‘kWOYk . dived'ed %mph Ni“'h _Sts:l:r‘:e + CQPQQ;-'-g

e How §: V edge €, o0=<F@ < cle)
V vey‘\'e'oc v, S fv) —Z fv.4)

volue of £ = | £l .=_ZJC(~,4=) —Z_-)C(S,g)
4 1

e Maximal flow ‘P‘roblem=
Lind £low with mox value

e cut (X X) .{-R'-:V—x

seX teX
C(X->X) = P = c(v w) -
vex, wex : Cu{-_ C&Pa(.n '.F, »
F(x=>X) = 2 fow) . How ocvoss ie cut
VeEX, wek
e Lemma, « [#] = £(x+%) - $(%>%) % ¢(x»X)
PF: 18 = 1fl+o+0 = Zout(V)—-Z in(v)

sab
= f(x»x) - f(X=x)
o Maxt-flow, min-cut Theovem ( Ford, 'Fulkerson)
mox-£low & |£] = clx>x) & S54 satuled & No

&E min- cut <.¢Ji",_ emPt:a a.p.
- au%menking path '

e " 5 5o —15—719 Tr(: 15, Sf . fe<ce
s‘—’—q—aou—?—k—%ﬁc +3, LT feso

we 's



. Laloell.'na a\zorii-hm:
Lind Possxble aﬂﬂmen‘tinﬂ ']Da"'ln, wncrease Flow

. Examp\e .




*Drawbacks :

o Tyrational Capac‘rl-g : fm.\a\nt nevey +ermina’d’é
* Even In1‘egra\ Capac‘.-l-a: O M ncremenls

« Edmond ’ k'avp '

«Bread+h-TFivst - Search
4 Shoﬂ‘es-}; ’Pa'i'lq T=0 (VBE')

* Increase +he Flow by Laraes-b amount

. 'pYiovi+ta-Firs£-Seavch implementation
« K—t, sizelkt]>o > ‘PY"OYHH = Size[kt]- £lowlx,t]
Ke—t, « <o priovity = - flow [k, t1,

£ 'pvior'rl-ﬁ > val [k] +hen ?Yiov'rl'g = Vc%\ x];

. seavch stops when sink found ; Max increass S—» |
* Efficient in ?rac-ln‘ ce.



Mod'chiha,

: Subset of edaes wheve Mo edges incident
Goal: Find maximal md'l'china (weighited /unwei‘gh'{'eal)

- B pavtite %mph

. In+egva\ Capacihd has a maximal ‘m‘\‘egm\ £low

o Maximal ‘md'('chin% = moximal -Flow

® au%mentin% paih O 4 AIC3 EZ in network Flow

= augmenting path LAIC 3 E in Hun%avfan md\‘chinﬂ
= me+hod,




Stable Mauvri age

e Preference List

Male Fenmale

k2 & | 3 4 1: E A D B C
B @ & 3 4° 22D BE B A C
gt 8 B 5 4 | ¥ 4D B CcE
B i 2 45 4 @ B D AE
E: 5 32 | 4 &P B C E A

+ Mafching (Marriage) : I-I, onto mapping

o Unstable mavviage: 3 a1 gt Qa2 |
ﬂ 3 b 2 2: QA b

* Example: A1 B3, C2, D4, E5 is unstable

* Goal : Find a stoble mad'ching
. A\gon-\-\nm,

Each man M 0 tun becomes suitor, proposes 4o each W on

M W s free = MW engaged his list
@ For W, M > s M’ = MW engage, M’ becomes

-F anCee
/ Suitor
@ M s>M = M proposes to next W on his list
— Anahasas
@ ?roam\m +evminci\'es 2
@) Generdae a Mad'ching 1
3) Stable ?
@) Male optimal : No man does better in othey stable m&hhg

(5) Female Pessimals Mo woman does worst 7



‘D-anamic’Proaramminar

: solve a problem bla solvfna_ ol l possible sub-problems.
« Knapsack problem

N=§k .3 ',-l-ems Nome A B C D E
M= |7 = total capaci-l-a size 3 4 7 8 9
value 4 5 o 1l 13

*5A > value= 20

*D+E > valne=24
Cost [+ = highest value for capacity L

. "Program bQS't [A.] o lovk '|+€W\ adﬂledk
'FDY ;J' = | 4o A/ (-l- use 'F‘YS'E a’ .A_ems oﬂ'g *)
fori=1to M (x Compute each MP“""'(y L %)

+ = Cost[4- Size[j]] sl T &
if £ > Cost [<] +hen

Cost [4]=t; best fov vest of knapSar,k

bQStE.{.j::éj
A —

i g g a E6T7T8 9 100 I8 IF eI
3100444998 12 12 12 16 16 16 20 20 20Aonly
ABAARRN B AN A AAAA A
004 &5 8§49 1012 1314 1617 18 20 21 22|AB -
ABBABBABBABBAB B
b 04 55 8 Io 10121415 16 18 20 20 22 24/ ABC
ABBACBACCACCAC_CWIU
O 04 55 8 10|12 141516 18 20 2| 22 24|page D
ASE A CDA €6 A ¢ EDec e .,
604 BB % loft 13141517 18202023 4] ¢ F
ABB ACDECCECCDEC

. Best choice: C+C+A for M=1T lo+11=2] > 20



e Matrix chain Product ;

3 ’PSY el —FOV Ea*a]?"g [‘bi‘jjz"r = [Cia']?xy 5 Cja =-§.-.-__| aatk* bka

s [',;][a] [b] = ;ﬁ][b] = [{;:;f 2:\1-1+2.1.1 =4 4,0
= 33][«»] = ‘;‘5‘;‘3] IVl 4 20| =3
¢ Th General
Minimize total 3# ‘*" 0"'0"‘8 C~=7:7(2,7_’f) ways for M, M. Iy MN
- YixYz arY; - .- Yﬂxnv.,.‘

Catalan #: Cy=C\Cyey+ C3Cprz ++-4Cxy C

() 1 way for MM, MM;, ..., MpqMy

cost vive Y TnarnaYa YN-\ YN YN-H
(2) M, M, M;, M.M, M4, «++» My2MpyaMy
TR T v
Min { NnYaYz+Y,V3 Vs 2Y3Ya+ VaYals TN-2 Y';v.| Yy + Y2 Yn VV-H
RY3Ya+V Y2Ya Y; Y, Yg +)2 Y3 Yb‘ YNA Y el + Y/V-z YN-) YN-{-I

(3) ManM3M4, MMz MaMs, ...

@) Program Cost[g, y]:= min Cost foy Me---My
fov | < 4= N-I Mi Min - My, M - Misg
fov 1 <Ae N-} t

Cost [£ £+3] = Min {Cosk [4, K-1]+ Cost [k, A+3] + Vi Vi \Q,,jﬂ_}

L+ls_Ks./1+a

best (&, i-\-'g] 1= K;

In Parl'fc:u\av :

COSELA, Ar] := Cost[&, A] + Cost [, Av1) + Vi Yanm Vina

| (!
o 0



. Optimal ‘B‘mavg Seavch Tree

. Wei%\rd'eol Titernal Pash Lengi-h (wipL)

WIPL=42+2:3 +|-1+3.3+5.4
H2:2+1-3 =§\

WIPL = 3-| + (2+2)-2 + (4+|+5+)-3 = 44
* Goal : Given Ke-as: Ky < Ke<ooe < Ky
'Fretbuenca: R YN

Armnge kela.s in Bino.rla Search Tree

to minimize WipL.

. RemayK : .
() 3 binary tree wit A nodes Cy =77 (%)

(CN = CN_';I- Ci CN-;-I- Ca CN—B"' -+ 4+ Cyea G +CN-|)

(2 Hufman codma : 1o need to maivitain k'ea ovdey

. A\%oyh-\nm, (similay to matrix *)
fov | = 3 < N-|
Lov 1gaz< N'é‘
Cost [X, L+A] kl\/]Lr;+{Co${:[&'ﬁ—l]+(Yk+ 4 Vot ) ¥Vt (Vi + - *Kw,])
d + Cost [fen, A-rg.] }
=2 Y& + M, gCos-t[« F-1]+ Cost[Rm, ua]}

Aetes L+3 A<fk< Ax)

best [, iv)]:= & ;

L/Yoot
minimize LK,;, Ree K*_, |Ki-1}<‘ﬁ+l e 'K&:j

Ihitia”a’ Cost. [A:/ A,] = Y;\; P N
Cost [£d~])i=0; ISASAH]



What is Computation ? & NF- Compléfe problems .
« What is Computation, algorifhm, program ?
Church thesis Computable function

Computation = Tuying (machine) Computable function
\{.___ _F.(rx) = Kleene's partial recursive Lunction
. ’Post Coryespono\ev\ce $~aSTem,

. ‘Pecuvsive -Fu.nc-l:ion

) Base -Functcons : N =0 Zevo ove vrecwrsive
S(x) = X+ successoY
LR (%, .., %) =% projection

(2) OPeYd\'ors'» —F Qi ave Yecursive = |p 1S vecuvsive

composition: h(x., e, Xin) == £ (Q.(x-,--,xn\, - Yx (fx.,..-,x,,))
Yecuysion: { h (%, Xn,0) = £+, Xnr)
(e XY} = (3, hix,-, %0, 3), x, -, Xw)

minimization :

Example:
M) alx,¥) = X+Y% s recursive
alx,0) = X = L) (x)
(%, 4#) = alx, ) +) = s (L2 (4, alx,4), %))

(2) p(x,Y)=%-% s recursive

fP(x, 0) =0
Dlx, Yn) = Plx, g+ X =a (U2 (4, poo ), x), L3 (4,705 1) %))

. ?owtm\ Yecwnysive -Fumc-\-[ons {:}Twrin% compu{ab\e -Cunc‘h'on



o_r:uina Mad\ine initial $inal ?roce's”r

sf“fe state S
. S‘l:(d-es : s= { SO’ Sl/ Sz, 93/ S}_}%\g} 505'

+ Tope Symbels : T=1 4 1} NG
* Transitions : g
Computle : X+% Tape [Blp[i[1 1 [8]1]1 ]k
~current stafe topevead =P  operation next state
$+0Y't—> So b R So
SO 1 ‘R Sl
S, 1 R Sy
SI b Wr'l"'t 1 SZ
Sa 1 L S3
S; 1 L' 53
33 b R 54
Sa i) write b S5 & S+0P
b BT & bb L EEET S
e 5 2 &

"Dc"'evminis"' 1C VS. Nonde"'erminis"'.'c. Tuvina Madnine

(S, B) = 1(R,S0), (L,S), ( LS5, o
« Computation time s 3¢ steps TPy |
Memom& : # tape Cells

. ?o\lahomia\ vs. Exponential time
(tvactable) (intyactable)

* NP pvo\o\em : 'po\-ahomia\ +ime compwtab\e ‘ba NDTM
P problem: % DTM




e A <5 B, problem A is polynomial reducible to problem B.

-mez\lina Salesman (T): Find o tour of all cities of distance <M
e Hamiton Ctac\e (H): Find & simple oacle. includes all yverfices

Hes T

3 a Simple cgc\e <SS A tour &N
H : . R H Ci‘l'f-QS
e Hove o pohanomia\ time a\ﬁoh-l-hm fov T

== 7 H  (H:~NP- ComPle'|'e=>Ta|50)
: Tl w fAenp
e problem A is NP- compléte | {
problem A is NP Gadict) J Y NP problems <> A

€, Have polynomial algovichmfoy A = all NP problems are tyadfable
S Sah‘s{:iabal:-l—a problem:
E. O\SSi%nment &880 A Xs, st
Qa %iven Loymula is 1 2

(% X3+ X5 ) % (X4 R4 X )% (X534 X4.)

Cook: S is NP- Complé'l'e

Karp: A \av%e class of combinatorial
'prob\ems ave NP- comp|éf’e

Tuwin% Award !

* Griven PYo\o\em E): can’e find Polghomia\ time alaor&hm/

Yhen %‘—9 & = A& is NP- Comp\e'\'e
NP- Complele i€, Q as havd as many Lamous pYoblems

P=NP?




NP- complete : Example 2.

y G'iVeV\ ’PYolplem (A) is  NF= Comple‘('e ;
(A) : Given 'w')i'éaexs Ci, G .., Oy and 'K
Is theve subset SC’{'IJ 2 .../N} 3 jzé:gcé =K ?
e “Nove that 'P*roblem (¢) is NP- complete oalso.
(.C—): G)'iVeY\ ‘m’]’éaers dll da} 55 dN
Is there subset S C{'I, 2 N} > Z dé =Zda'?
© 468 & S
Troof: 1) (c) € NP

) (W) e (<)

¢ Bian € G ... Cy o

o let MeE: cdo=Cyy ..., dy = Cu,
Ay = 2M,  dma =3M-2K

(M= oot Gu)

o ~Then
39 ZC3'= kK & 38citz.. Ne2§
fes
= dj = > dj
3€9’ ig§ s

Eolk ‘-'%‘ S’= S U {n+2)y

‘=" N+l oor Nrz & s’
'1-? N+2  +hen S:S/—- {N-I-Z}

vt - Gy = M
‘\—_V-‘—"/
K M-K

3IM-2K 2 M



Exhaustive Search

e Tntractable , What to do ? (Example: —l?avellin% Salesman -

- SPeCi a\ cases ShOY‘tQSt SiMPle CgC‘e "'hru, a” ’ndeS)

®* Exhaustive geareln ¢ 'Backtmckina-\-?ecuvswn
e Branch and Bound (Heuristics)
- 'D;dnamic ’Pro%rammina.
* Approximation a\ﬂori»rln'm + Nearly- optimal solution
. 'Probab‘.h*td o.na\'asis
e Hayd instances ave vave
e Robabilistic (vandomized) 0L|t30¥;1'|4m= =) In program

L
[ ]

* Las Ve%as algoriﬂnm

covrect, |-€ polynomial time
€ 4Lxponential time€

e Monte- Carlo alﬂoriwm

Ppolynomial , |-g Correct
iy ¢ incorrect
« Backtrackin
e Depth- First Search + recover environment before exit. .
Visit (K) A
id == id+1; vallkl:=id; L
for each son £ of k do B \‘c

W valtl=0 then visit(t); A-B-C
A-Cc-B

id = id-1; val[k] := 5

« Hamilton c:ac.le
* Have simple cycle connects all vertices ?

@ BK, VQ”:V-']:V and
K—=1
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.
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—rravd\ma do%
- Find. shortest simple path connects all nodes
. Exhaustive search -\-'Pmnmna {'ec\nm%ues :
" Branch & Bound:
APRBC EG=I|

AGEB =11 olready GToD)
@ VY edge =\, T nodes totalla

AaG=6 Grd

(3) Pavtial solution + MST =1l Gr1od)
(4) Pavtial path + +he vest modes

not Connected (ABE) -

(5) O+hers :

TFovr Euclidean -tYaLVeIIm sales man :
( qraph disfance =dis amce in p\ome)

i><3i>

G’ﬂu'fi"e ‘Permuta-l:-on
8enevo'\'\'e N! permutations bla exhaus-bvela Seaych.na N-node compléfe

Qraph
fov K= 1 to N do val[k]:=0;
id i=-1; Visit(o); A
Visit (k)
id = id+); vallk]:=id; B E

-

it 1d =V then Wn‘l'epevm.
for t := | to V do

£ val[t)=0 Yhen visit (t); v
[ el e wlliclico-



Trobabilistic Algorithm

e Roblem: Is m prime 2

» No ’Polcdnomic\\ alaoh'+hm )
e Cant prove £ doesn’t exist !

o Theovem, P: prime & (p-0! =-1 (mod P)
(Wilson)

o Theorem. “p:prime = P-1= 4 d
(Euler)  |ga< Pp- = B -y

1Ll B ;
° ?YOPOSition, an: ComPOS'!'I'C $ ‘ {al ?s qzsjln—('mt)d 'n)} < 2__‘
. A‘laoﬁ-!-hm | a%l = (%) rrnodﬂ

TestKime (1)
choose & € $1,2,...,m-15 randomly. Lo/
i€ (a,n)>1 dhen veturn (composite); s

| OJH$4 (mod M) then Yeturn (Composite)
else Ye.tum(])rime) :

. efficient

o Input M. = output: com}:oss{-e (covvect )
: prime (correct = K 2'91_ )
WYOV!a : '-Fr.(-_;".-

[+ /

' ompos}‘fk

i szeqt 100 times

1 gy
Q'oo oo o

?r(\mrong) < -



* Branch and Bound

1 Branch -~ most pYomising porrh (baseal on bouhd)
« Bound — bound OF possible solutions > best solution so fa\r

| , = 'Pmned
Example o Lausa
(60 14 4 (0 20 Q-Sho#estpam >Z{Mm(m)+Mm(Cna)i
“ @ 3 0 IskeN - *
@ 5 0 16 Jshoﬂ‘es{:‘?m-h P {Mm +Mmcl<13
nmnaeaw@ |6kéN * 4
(18 @ 40 5 '
1=-->1  Bound -‘-(4+q+4+2+4+4+5+4+4+2) 20 @5
r = | "
0 |4 o0 o Bound 20
o 7 8 7 '
4 00 00 7 b
1l o0 49 &0 2
18 o0 17 4 03
1-2, Bound = l4+3(7+ 1'32,,2
44244 +44+T+4+2)
. [ 844
[ . [=l,3,2,4;5,|
00 00 4 oo 6o 37
4 60 oo § 1
0 & 00 00 00
I| O o© 0 &
(8 060 00 4 O
1-3-2, Bound = 445+ & (T+2+4-+11+4+2)
= 24

OAPpYoxima-bior\ a\gwi-ﬂnm, (Planav ?ts)
> Construct Minimum gpavmma Tree
(2 shoytent to %et a touy

= MST< TSP« appYox\mdl'e <IMST l__

touv <aTs 4
(3) Com even mpYoye ! T P




_n’aVe\lin% Salesman Troblem
Find shorfest simple cycle connects all nodes. (v Cifcles)

. D%mm; ¢ 'Proarammin
%(*’-, S) = Slnov‘@est Pa-rh A ~s->1 (+hve nodeo in S onlg)

e TSP = %(l, V-11%) =2I:/(aiv;q{C.a'+g(3,v_;|lj})B
94(4,) =ggi§{6x3+ 9(4,5-141)}
%(’:}ﬁ) - C,L\ ) A= 2, KT N

E‘xe.tnp\et
() 9(2,¢)=5 =
93¢) = 6
94,8) = ¢ 6
() 3(2,18Y) = Ca3+ J(36) = 4+ 6 =15 " i |
3(2, 14} = Caat3l4@)=10+8 =18 ® o F a0
%(3, 328) = 13+5 =8 [Cx‘] =|8 o0 9 0
(3,54) = 12+ 8 =20 J $ 8 0 |&
4,52)= 8+5 =13 . & a9

(4,3)= q+ 6 =15 ~ -

410 ¢l5

1 20
2) 4(2 134Y) = Mini Cj;+ 3(3,?4‘;), Cag+9 (4, fz})} =25
403, 52:43) = Min{ C2+§(2,541), C34+g 1470} = 25
3(4, 72,3}) = Min { sz_+%(2j§3})l C4_§+ 3 (3, ;82})} =23

(4 %(i,f2,3,4})=MiniC|z+‘a(z,$3,4l), = Min{ 10425, =3&

Ciz3 + (3, 52.41), 15 +25,
Cia -\-8(4, $2,31) § 20+23 k
= TSP = Cia+ Cas+ Caz+ Csj
BN o #q ve =35
N-2
T= W-+w-n+2 wn(")K

K=|

& 2 - -
—2W—|)+(N-|)Ki=|l<('\,'<2) = 6(x°2")



S CohﬁP e _ﬁ
?amllel A|aori+hms o’ — S or:m[x oY)
4 ﬂ:mmx N

Alcaor.q-hm Machine Hovdware implementation
O'F A|90ﬂ‘|"ﬂn

r  — _ M1 Xy o —a
b R - i ) x S
bobl I,lml: 2 2 Sor t;mg, 2
: nebwork - 78 netwox k
1 ] 11 R i ! = v
3 S o) 3 13 i [ Efor i3
i (154 : . . , _' £ _‘
: clements : : : : | elements [+ :
| ,
n—1— Tn—1 Tn—1 J —Tn—1
.l." st 3 -- .1:’,1 l‘n Y .. E 2 "_:L',,l
o -'Urlt-l-l Tn-1 I 37;;~H
(a) (b)

TInsevbion Sevt Bubble Sort

Wh‘,\ 'Pam\\dt'sm Thscv-bton Sort = Buualc Sovt



0Odd - Even MGY%Q and Terfect shuffle

'Theovemiab" g" ¥ i’ I Slw » 2 sovfed seguences to be merged
“ 3S -] Dba2N

04d Merge {0y, G, ---, Gan§,{ by by -, bawei§ >4 €1 o -, Can
EVEV\ Mﬂae {az, Q4}...’ azN }' {bz/b‘%"'/ bmk —){d'/ da/..-, dzﬂ}

Cl’ du‘Cz, da Ca‘, - oo, Con2 dzN-;"ClN-I’ dzN-'l‘CZN’di’N ‘30\7'324

7 "

Yecurs; Veb

P".'F: Cfﬂ ave Q,L smallest. L339 @ i ’5 kg
N L5 & 7 5 8 I3
Example: Cs
MNEGGOMNR_, ABEEJIMNR
lB'_E EQMPX—AEGGILMPX —~
A
ABEE ABEE  AB ?,FEB g i
|1MNR=)AEGG=> AE =Dl — ,é_—;)g
ANESS T THEE % SRwh | c
LMER ChgFn BN SN e B 2 E
N R LM G G
i & [
TX W M B
T L M
AEGGIMNRABEELMPX Evenrnevae M K}
: \ Odo\mevﬂe g P
AA|[EB|[aE|[GE]|[l L|[MM||NP|IRX P R
AA|[BE|[EG|EG[lI LIMM[INP Rxl X X
AT AlLB[ME|ME [NG|PE [Rg|X
AlAllLB|EMME|GVMPE GRT
A[EA|[G I[NL]? B [EE|[@GM][RM|X log N 1?“"“”"" steps
AlAE||lGI |[Ln|P B EE[lGM MRT A log N Compavalovs
A [BA|[EE|[EG|[GI]|[ML|[MN||RP|>
AlaBl|lEElEall@l|ILM]|IMNIPR]X




Bitonic Merae

M) AW2A25--£Q,. 2Gimnz---2Q
QBH'O"‘C Seﬁuencef P . 2 > . < o < < 2’\[ b

(2 Can Cléclica.\la shift to w

* Theovem | 22 oo WY ie, Ci=miniaz, 2y
Ontl| | Ontz Q2N { d, .. dN} Ai=maxi &s ava

=, ) Cis dj V43
(@ {cl {diY ave both bitonic. (Yecuvsivelg 'mnge)

- Example:
AEGGIMNTR = AEG EBA b
XPMLEE BA XPM LII MNR
AEGQG AE BA AE AA A A
EEBA EEGG BA B|E B A
XPMLQI ML 2™ 8 ™ "
IMNR X PN R GG Grﬁ E: E
AEGG IMNRXPMLEEBA || M o E 8
ML MM E E
x P NP G @
X[[E MG LT E|[ME|[ve] [RA
A X EP aMgL | [[EM]|BN]| AR INR XTR |Gr G
II |
AE[[XT[|EE||[pM]|[GB|[MN]|[GA||LR = L
Aelll x |lIEE|IMPliBG|(MN]IAG]ILR IM M
M M
AB|[EG||T M|[XN]|[EA|[EG][ML][PR N N
AB|EglliM AE [LM||PR P P
X K
EE I L]IMM|[NP|[XR R X
fi‘ﬁlgj EET 22‘, LL MM| NP RX

e




Systolic Away  (H.T. \ung, 30 )

« Simpe, 1dentical Cells mesh- connecfed in a reau\av way
- Communicate with adjacent cells only.

Oy Gz Q43 by G C, = Gu by + Q12 bz +Gis bs
Q2 Q22 Qa3 ||bz [ = Ca C2= Oz by +Qz b2+ 023 b3

Oz Q32 Qs3) \bsz (3 C3 =@z b+ Q32 ba+QA3; b3
b 51 b

ab+c « <— C

<P

Q33
Q23 x A3z V
iz % Q22 x Qs a
A2 % Az,
O\
b8
5 0
b3?‘- bz X b' ——i—L— » —r(—L_———) —ﬂ_L—)
— |l | «—{ | |«—CxCaxC;
1 i [}
gy T YT
: b3 0
e L M
ol = “«—- — <« <« <—C— <« X Cz X C3
|
an
ba x b; = — > ﬁ; — > — -
— G o é'c_ e @CZ A C3
\
QAiz Az\
b3 FL‘ ) V2
by x — —-> — > — > i
b - éc_ 7.‘_ < X C3
'=ayb . *
GIB Q22 a3|
53% % —éba ‘—>~ 4 b
\=0ub,+ Qizbz i sl
b Qa3 \ Az
—[ 5 B i e *
C - persy < - < ¢
i € | C3 ls
Quby+ Qi2ba+ a3 bs = Qz b+ Gz2b, = Gy by 2N=-| Cel

4N-2 S‘l’ep:



_\-—as{: qrouwiev Trans-fovm('FFT)

Comptﬂ'e Discrete Fourier Transform (DFT) in O(NlogN ) time

’P(x.):= B0 Px) = §10)

’ _ﬂneo\fem /p(x)= Qo4+ -+ Any xN-} 5 .
T POw=F0W) e, Ai=bs

3 X .-, X
BOX)=bo+ -+ + bax¥ N

* Griven K, Xz, -, AN, 2 chresen-l:a.-h‘ons oy ’P(X);: Qo+ WX +---+ Apn~ 9(”"
() [ae B, +v, Qp- _'_\D

- ?

G) [pex, poa), ... Pxd] ¥

« Choose 4, w, w3.-- wN"! | where W: principal ™ oot of um—}g

N ML
{w = | Example:(() W= NV
Trr et x¥ao, Y= 00, w3, wh-! () W=2 N=3
& e oha | i
° 0L=[ao/ Qy .-, a,v..] oy t’b‘)" Qo+ + Apa AN 42422 0 mod T
DET of & = DFT(@)= [P0, Pw), P(w?), ..., P(wH-) ]
i g I Tlas |
ISR L cre WA a
= 1 w2 w4 o wz(N’-l) 02
: W) ' .
L/‘ wN-! 003 e (wN-l)N-l, . aN—L
=W- Q& w[;,é]:w"a./ 0 £, 4 <N

e Theovem

DET " = W-' =7:,—(w":fl) 04,4 <N 7 anothey DFT !

. App\ica&.ion.s
* DFT i signal 'I’Yoces‘i"a
’ ’Poltanomia\ Multiplication
» Liteger Multiplication = po- 09, shen X =2




. 'Po\-anomia.\ Multiplication
P) = Qox QX +-+ Gy XV X = bo+by X +--- + by xN-I

(%) «> a=[ao, Ay -, O 0,--5 0] «> [P (W) ... P(WA) ...,’lea”")]

p) N 5 I? 7 ? /
2 > b =Lbo, b .., by-i,0,, 0] ¢ [3&0/ gw) .., glwM) ..., 3(002”")]

o .}
‘P(X)cz(x) > a;’ b = [Coj C|} e CzN—I] b [?0)80)’ "P(W) 8""), " _.,,P(ujz_Nq)g(sz-bJ

Comoletion  Ci= - Giblei 102 % ot of iy
-FFT
PX) =Qo+4, X +2.X"+0; X+ a4o<4+aa, 9("+a6 9{’.,-6!,7 X1
= (Ao 200y X¥+ 06 ) + % (R, +85 5324 Qg x4y )

= Pelo®) + % Rolx) W=wWg=e T ot of uniby
Plwe) = = Telw?) + W° B (w% 0
Plw*) = e (w?) + W H(WH) = Felw®) + W* Ps (w°)
HIYA - Rl + W' B (W)
Pw®) = Fe () + W Bo(w") = Po (WY + W5 Po(w?
Plw?) = = Pe(w?) + W* Po (W
PIW) = Pelw) + wER (WD) = Pe (wh) + ¢ Po (W)
Plw?) = = Fe(w®) + W? Po(wb
P = Pelw™) + w7 Po(W*) = Ro(w) + W T Po(wb)
_E\uﬁ
: 5
. Eva\ui\'e Plwy ), 0<A<E (DFT |ew3fl«=3) o(+wp o+ w P
L—)Evalud“erpe(ws.)z?e (W3) 04i<4 W wS
2N\ = A
. ’-B(ws ) —1% (w4') ( w IQV\ﬂ‘l‘h =4‘)
YQCMYS;Vda .
2 « e
Wa = Wg = 4% pot of un'-'}'at 4 "
Te(w?) Po (W)

Butterf |a




. App\ta FET YeCuYSivela to Fel0= R+ AzX + Qax* a, x>
o) =a+ asx + as«"+a79(3

0 4 z2 3 4 ® & U
e & 4 611 % % G
g alz 6| Blw® 7
olal2]6 l|5|3|’7

1%(“) =% : Even function
P=%x: O2d Lunction

Pt RW)  PwH  PWH WY PWH WY R wai

/
/

\
\
A\
e

Tl B2 BWE)  Rwd) R B R Rws) Wa=w

L3

3
| Wy W

WA

N/

Too (W;) Poo (W;.) ’Pw((&):) To (wz'.) —'Pol(wz) "%I(W;_) ?I\ (w:) ’P"(O\J;';.) (A.\3=£

| W,

X

Pl T B e Poay Fa) Baw Puw) W=|
I n ] ] n

" " ]

Qo Qa Q. Qe Q Qs A3 aq
0oo loo olo lo 00| 0] ol I

* Why DFT™ is another DFT ?

s T= O(NlogN) Saauentialla, OR o= IDQN 'Pamﬂe\ Steps

N log g/ Drocessors
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QG .N.G .qs od
7 | .T3 I .VQX ._ug "_N3 _H.undL

H( =8
L
0,M+%0 Ly +5p 59, m+'D Sp+\p M0 Fpary .§¢3+§ 4o i
3
i v il _ ¢3.ﬂm v [ ..¢3
v
= =¥
(olp+50) 00+ (4090 +10)= 7 +7p) M+(, MY +ep) =
/ﬂi& +, M4+ MmEp+p 70+ @YD+ +oy
?3\.%.—. M3y + 3m6+_6vm3+. ﬁRbG 3h6+3nd+.33+
« m9p +.M Y + M7 +ap) «.*396...#3*6...«3 zZp+y)
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